Deformations of log-symplectic structures by Marcut, Ioan & Torres, Boris Osorno
ar
X
iv
:1
30
7.
32
77
v4
  [
ma
th.
SG
]  
11
 Ju
n 2
01
4
DEFORMATIONS OF LOG SYMPLECTIC STRUCTURES
IOAN MA˘RCUT, AND BORIS OSORNO TORRES
Abstract. We describe the space of Poisson bivectors near a log symplectic
structure up to small diffeomorphisms.
1. Introduction
A Poisson structure on a smooth manifold M is a Lie bracket on the space of
functions C∞(M) that satisfies the Leibniz rule
{f, gh} = {f, g}h+ g{f, h},
for all f, g, h ∈ C∞(M). Equivalently, a Poisson structure is given by a bivector
π ∈ Γ(∧2TM) that satisfies the equation [π, π] = 0, where [·, ·] denotes the Schouten
bracket. The bivector and the bracket are related by
{f, g} = π(df, dg).
From this point of view, a symplectic structure is the same as a non-degenerate
Poisson structure. The corresponding two-form is given by ω = π−1, and non-
degeneracy is equivalent to ∧nπ being nowhere zero, where dimM = 2n. Gener-
alizing this situation, a Poisson structure π on a manifold M of dimension 2n is
called log symplectic if the map
∧nπ :M −→
∧2n
TM, x 7→ ∧nπ(x)
is transverse to the zero section. These structures are very close to being symplectic,
as they degenerate along a codimension-one submanifold, and therefore, many of
the results of symplectic geometry can be extended to this framework. Note that
in this paper, log symplectic manifolds are not required to be orientable.
Initially, log symplectic manifolds were considered on manifolds with boundary
in [12], in the context of deformation quantization, and were studied using the tools
of b-geometry developed in [11]. On compact oriented surfaces (without boundary),
these structures were fully classified in [14]. More recently, the systematic study
of log symplectic structures from [6] attracted a lot of attention and interest. As
a result, several new papers appeared studying different facets of the geometry of
log symplectic manifolds [5, 10, 1, 15, 4].
In this paper we give an explicit description of the space of Poisson structures
C1-close to a given log symplectic structure modulo small diffeomorphisms. In the
general case, the problem of describing deformations of Poisson structures is poorly
understood, as the nature of the deformation space depends to a great extent on the
structure under consideration, with some structures showing rigidity phenomena [2]
while for others the deformation space is infinite dimensional [9]. The main difficulty
(in comparison for example with complex geometry) arises from the non ellipticity of
the complex describing the infinitesimal deformations, called the Poisson complex.
For log symplectic manifolds, the Poisson complex is elliptic outside a codimension-
one hypersurface, and this already indicates that the problem is more tractable in
this case. A similar behavior is displayed by bk-symplectic structures (introduced in
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[15]), and the authors expect that deformations of these structures can be studied in
a similar fashion to obtain an analogue description of the space of Ck-deformations.
The geometry of a Poisson manifold can be highly nontrivial, making even local
results very hard. The global picture (e.g. of the distribution of symplectic leaves)
can also be rather wild and unexpected. Log symplectic structures have a very
specific geometry, which is more accessible, but still nontrivial enough to allow
for interesting results. The singular locus of a log symplectic structure (M,π) is
the codimension-one Poisson submanifold Z := (∧nπ)−1(0). More insight into the
geometry of a log symplectic structure is gained when looking at the inverse of π.
For this, fix E →M a tubular neighborhood of Z inM . For a metric x 7→ |x| on E,
fix a function λ : M\Z → (0,∞), satisfying λ(x) := |x|, for x ∈ E with |x| ≤ 1/2,
and λ ≡ 1 on M\{x ∈ E : |x| < 1}. Using this function, the inverse π can be
written on M \ Z in the following form
(1) π−1 = α+ d log(λ) ∧ p∗(θ),
where α is a closed two-form on M , θ is a closed one-form on M and p : E → Z
is the projection. The pair consisting of η := α|Z ∈ Ω2(Z) and θ ∈ Ω1(Z) is
a cosymplectic structure on Z, i.e. η and θ are closed and θ ∧ ηn−1 is a volume
form. The cosymplectic structure determines a pair (πZ , V ), where πZ is a Poisson
structure on Z whose symplectic foliation is given by the kernel of θ endowed with
the pullback of η, and V is the vector field such that ιV η = 0 and θ(V ) = 1.
Moreover, this gives a one-to-one correspondence between cosymplectic structures
and regular corank-one Poisson structures endowed with a transverse Poisson vector
field (see e.g. [7]).
In this paper we show that, up to diffeomorphism, there are only two ways to
deform log symplectic structures on compact manifolds. These are described as
follows:
i. The first type of deformation is the gauge transformation by a (small enough)
closed two-form ̟ ∈ Ω2(M). This is a general operation in Poisson geometry,
which transforms π by adding the restriction of ̟ to the symplectic form on
each leaf of π.
ii. The second type of deformation is specific to log symplectic structures and
it transforms π locally around Z. For a (small enough) closed one-form γ ∈
Ω1(Z), the transformed Poisson structure is also log symplectic with singular
locus Z, but with foliation on Z given by the kernel of θ + γ.
These transformations can be described algebraically in terms of their inverses on
M\Z; the result of transforming π by the pair (̟, γ) ∈ Ω2(M)×Ω1(Z) is given by
(2)
(
π̟γ
)−1
:= π−1 +̟ + d log(λ) ∧ p∗(γ).
The cosymplectic structure on Z induced by π̟γ is the pair (η +̟|Z , θ + γ).
In fact, these two types of deformations cover all Poisson structures near a log
symplectic structure.
Theorem 1. Let (M,π, Z) be a compact log symplectic manifold. Consider ̟1, . . . , ̟l
closed two-forms on M and γ1, . . . , γk closed one-forms on Z such that their coho-
mology classes form a basis of H2(M) and of H1(Z) respectively. For ǫ ∈ Rl and
δ ∈ Rk, denote by ̟ǫ :=
∑l
i=1 ǫi̟i and γδ :=
∑k
i=1 δiγi. Then,
(a) for all small enough ǫ ∈ Rl and δ ∈ Rk, we have that π̟ǫγδ (given by (2)) is a
log symplectic structure;
(b) there is a C1-open neighborhood U ⊂ Γ(∧2TM) around π, such that every
Poisson structure π′ ∈ U is isomorphic to π̟ǫγδ for some vectors ǫ ∈ R
l, δ ∈ Rk;
DEFORMATIONS OF LOG SYMPLECTIC STRUCTURES 3
(c) there is a C1-neighborhood D ⊂ Diff(M) around idM such that for ϕ ∈ D, the
equality ϕ∗(π
̟ǫ
γδ
) = π
̟ǫ′
γδ′ implies ǫ = ǫ
′ and δ = δ′.
The natural setting for studying log symplectic structures is the formalism of
b-geometry developed in [11]. The cohomology of interest in this formalism is the
b-cohomology, that can be explicitly computed in terms of the de Rham cohomology.
Theorem 1 states that the cohomology classes ([α], [θ]) from (1) give a parametriza-
tion of the space of Poisson structures near π up to small diffeomorphisms. In terms
of b-cohomology, this says that Poisson structures near a log symplectic manifold
(M,π, Z) are parameterized by the second b-cohomology group H2Z(M). This is in
perfect analogy with the situation in symplectic geometry, where deformations of
symplectic forms are classified by the second de Rham cohomology group.
For M a compact oriented surface, Theorem 1 follows from the classification
in [14]: writing Z as a union of circles Z1, . . . , Zk and decomposing [θ] =
∑
i[θi],
with [θi] ∈ H
1(Zi), the classes [θi] correspond to the periods of the modular vector
field along the curves Zi and [α] corresponds to the generalized Liouville volume of
(M,π).
Recall that a log symplectic structure (M,π, Z) is called proper [5], if the foliation
on Z is given by a submersion to S1. Now this is equivalent to the cohomology class
[θ] being a real multiple of an integral class (see [16]). Since such one-forms are
dense in the space of all closed one-forms, Theorem 1 implies that the proper log
symplectic structures form a dense set in the space of all log symplectic structures,
a result which appeared also in [1].
The structure of the paper is the following: In section 2 we present the language
of b-geometry. In particular, we discuss the functoriality of the Mazzeo-Melrose
decomposition of b-cohomology (Corollary 1), which implies that the classes [α],
[θ] associated to π are canonical. In the orientable case, this functoriality result
appeared in [15]. The b-geometric version of the Moser lemma from [12], which
plays a fundamental role in our proof, is stated in Lemma 2 in the more general
setting of one-,two- and top-forms. In the case of top forms, we obtain a simple proof
(Corollary 2) of the classification of generic multi-vector fields of top degree from
[8]. In section 3 we compute the Poisson cohomology of log symplectic structures
(Proposition 1) and relate this to Theorem 1. In section 4 we begin the proof of
Theorem 1 by proving that any Poisson structure close to π is Poisson diffeomorphic
to a log symplectic structure also close to π with the same singular locus. In section
5 we finish the proof of Theorem 1. In section 6 we present examples which illustrate
the phenomena that can occur when deforming log symplectic structures. In the
appendix, we include the proof of Lemma 1.
Acknowledgments. We would like to thank Marius Crainic for his comments
on the first drafts of this paper. We are also grateful to David Mart´ınez Torres
for insightful discussions, which helped us understand better the language of “b-
geometry”. We also thank the referee for useful comments. The first author was
supported by the ERC Starting Grant no. 279729 and the second by the NWO
VIDI project “Poisson Topology” no. 639.032.712.
2. The language of b-geometry
A very effective tool to describe and handle log symplectic structures is using an
adaptation of the b-geometry of manifolds with boundary developed by Melrose in
[11] (see also [6]).
We consider pairs (M,Z), where M is a smooth manifold (without boundary)
and Z is a distinguished codimension-one closed embedded submanifold ofM . Such
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a pair is called a b-manifold. A b-map is a smooth map ϕ : (M1, Z1) → (M2, Z2)
between b-manifolds that is transverse to Z2 and satisfies ϕ
−1(Z2) = Z1.
Associated to a pair (M,Z) there is a natural b-tangent bundle denoted by
TZM →M , whose sections are vector fields on M that are tangent to Z. Let E →
M be a tubular neighborhood of Z in M , and denote by ξ the corresponding Euler
vector field on E; i.e. the flow of ξ is fiberwise multiplication with et. Regarding ξ
as a section of TZE, we see that ξ is nowhere vanishing, and moreover, that
(3) ξZ := ξ|Z ∈ Γ(TZM |Z)
is independent of the tubular neighborhood.
2.1. B-cohomology. There is also a notion of b-de Rham cohomology, denoted
by H•Z(M), which is computed on the complex of b-differential forms Ω
•
Z(M) :=
Γ(∧•T ∗ZM) (i.e. on the space of multi-linear forms on TZM). The differential is
determined by the fact that the restriction map Ω•Z(M) → Ω
•(M\Z) is a chain
map. It is well-known that this complex fits in a (canonical) short exact sequence
of complexes:
(4) 0 −→ Ω•(M) −→ Ω•Z(M)
ιξZ−→ Ω•−1(Z) −→ 0,
where ξZ is defined by (3). This sequence splits. To see this, fix E a tubular
neighborhood of Z, and consider a function λ :M\Z → (0,∞) with the properties
from the Introduction: λ(x) := |x|, for x ∈ E with |x| ≤ 1/2, and λ ≡ 1 on
M\{x ∈ E : |x| < 1}. We call such a function a distance function adapted to E.
The one-form d log(λ) extends to a closed one-form on TZM which is supported in
E. A splitting of (4) commuting with the differentials is given by the map
(5) σ : Ω•−1(Z) −→ Ω•Z(M), ω 7→ d log(λ) ∧ p
∗(ω),
where p : E → Z is the projection. This implies the Mazzeo-Melrose theorem [11],
i.e. we have the following decomposition for b-cohomology:
(6) H•Z(M) = H
•(M)⊕ σ(H•−1(Z)) ∼= H•(M)⊕H•−1(Z).
Note that the image of 1 ∈ H0(Z) under σ is
σ(1) = [d log(λ)].
Now, if λ′ is another distance function (associated to a second tubular neighbor-
hood), it is easy to see that there is a smooth function f ∈ C∞(M) such that
λ′ = efλ. Hence,
d log(λ′) = d log(λ) + df,
and therefore, the class [d log(λ)] ∈ H1Z(M) is independent of the choice of λ.
This example motivates the results below. The case when M is orientable of
corollary 1 appeared in [15] in the more general setting of bk-forms. Here ori-
entability is not assumed. The proof of the lemma is presented in the appendix so
as not to disrupt the flow of the paper.
Lemma 1. The elements in σ(Hk−1(Z)) ⊂ HkZ(M) are characterized by the fol-
lowing property: if ω ∈ ΩkZ(M) is a closed b-form, then [ω] ∈ H
k
Z(M) belongs
to σ(Hk−1(Z)) if and only if for every b-map i : (N,W ) → (M,Z) from a k-
dimensional compact oriented b-manifold (N,W ), the following holds:∫
N
i∗(ω) = 0,
where the integral is the regularized volume defined in [8].
Corollary 1 ((see also [15])). The decomposition (6) is functorial in the b-category.
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Proof. Let ϕ : (M1, Z1)→ (M2, Z2) be a b-map. We have to show that the induced
map
ϕ∗ : H•Z2(M2) −→ H
•
Z1
(M1)
maps σ(H•−1(Z2)) into σ(H
•−1(Z1)), where σ is the map from (5). Let [ω] ∈
σ(Hk−1(Z2)) be represented by a closed b-forms ω ∈ ΩkZ2(M2). Let i : (N,W ) →
(M1, Z1) be a b-map from a compact oriented k-dimensional b-manifolds (N,W ).
Then ϕ ◦ i : (N,W )→ (M2, Z2) is also a b-map; therefore, by the lemma,∫
N
i∗(ϕ∗(ω)) =
∫
N
(ϕ ◦ i)∗(ω) = 0.
Again, the lemma implies that [ϕ∗(ω)] = ϕ∗[ω] ∈ σ(Hk−1(Z2)). This finishes the
proof. 
2.2. Log symplectic structures. The framework of b-geometry allows us to re-
gard log symplectic structures as “symplectic” structures on the b-tangent bundle
TZM . To see this, note first that a log symplectic structure on M with singular
locus Z is the same as a nondegenerate section π ∈ Γ(∧2TZM) satisfying [π, π] = 0.
This is equivalent to having a nondegenerate b-two-form ω ∈ Γ(∧2T ∗ZM) that is
closed, dω = 0; the two being related by π−1 = ω. Using a tubular neighborhood
of Z in M and a distance function λ adapted to E, we can decompose
ω = α+ d log(λ) ∧ p∗(θ),
where α is a closed two-form on M and θ is a closed one-form on Z. Note that
the image of any closed b-one-form under the isomorphism π♯ : T ∗ZM
∼−→ TZM is
a Poisson b-vector field. In particular, X := −π♯(d log(λ)) represents the modular
class of π (see [6]) and V := X |Z is a Poisson vector field on (Z, πZ) transverse to the
symplectic leaves. As mentioned in the Introduction, the pair (πZ , V ) corresponds
to the cosymplectic structure (η, θ) on Z, where η := α|Z . Note that θ does not
depend on the tubular neighborhood and on λ, since it is the image of ω under
the map ιξZ from (4). However, η does depend, but in a rather mild fashion, as it
changes only by exact two-forms of the type d(fθ), with f ∈ C∞(Z). Likewise, V
is determined up to Hamiltonian vector fields.
Now we reformulate the main result in the b-language. If M is compact and
µ ∈ Ω2Z(M) is a C
0-small closed b-two-form, then ω + µ is still non-degenerate,
therefore πµ := (ω+µ)−1 is a small deformation of π. This remark implies part (a)
of Theorem 1. Part (b) says that every Poisson structure close to π is isomorphic to
one of this form, and moreover, whenever [µ] = [µ′] ∈ H2Z(M), we have that π
µ and
πµ
′
are isomorphic. Conversely, part (c) says that there is an open neighborhood
D around idM in the space of diffeomorphisms of M , such that if [µ] 6= [µ′], then
πµ and πµ
′
are not related by an element in D. In other words, Poisson structures
around π are parameterized up to small diffeomorphisms by an open neighborhood
in H2Z(M) around [ω]; or equivalently, by an open neighborhood in H
2(M)⊕H1(Z)
around the pair ([α], [θ]). Moreover, by Corollary 1, the pair ([α], [θ]) is canonically
associated to π.
2.3. Non-degenerate b-forms. In the proof of Theorem 1 we use a version of
the Moser trick for closed non-degenerate b-two-forms. As in the classical case, this
stability result holds for the following type of forms:
Definition 1. A b-form ζ ∈ ΩkZ(M) of degree k on (M,Z) is called nondegenerate
if the following map is surjective:
TZM −→
∧k−1
T ∗ZM, V 7→ ιV ζ.
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Comparing dimensions, we see that nondegenerate b-forms can exist only in
degrees 1, 2 and dim(M). Correspondingly, closed nondegenerate b-forms give rise
to the following geometric objects:
(1) Let ϑ be a closed nondegenerate b-one-form. Nondegeneracy is equivalent
to ϑ being nowhere vanishing. Now ιξZϑ is a closed 0-form on Z, thus on
each connected component Zi of Z it is a constant ci ∈ R. Geometrically,
ϑ encodes a codimension one foliation Fϑ on M which on M\Z is given
by the kernel of ϑ, it is transverse to the components Zi for which ci = 0,
and it contains the components Zi with ci 6= 0 as leaves. To see that this
defines indeed a smooth foliation, let Ei → M be tubular neighborhoods
of Zi, such that Ei ∩ Ej = ∅, for i 6= j, and let λi be adapted distance
functions. We decompose ϑ as the locally finite sum
ϑ = θ +
∑
i
cid log(λi),
where θ is a closed one-form. Around a component with ci = 0, we have
that ϑ = θ, and nondegeneracy implies that θ|TZi : TZi → R is nowhere
vanishing; hence the foliation extends to Zi by the kernel of θ, and moreover,
it is transverse to Zi. If Zi is a component with ci 6= 0, then around Zi
we can write ϑ = θ + cid log(λ). On small open neighborhoods Ui around
points in Zi, we can write λi = |t|, where t is a coordinate function with
Zi ∩ Ui = {t = 0}. Then the kernel of ϑ is also the kernel of the 1-form
t/ciϑ = dt+ t/ciθ,
which shows that the foliation extends smoothly to Zi, with Zi as a leaf.
(2) As discussed in the previous section, closed nondegenerate b-two-forms ω
are the same as log symplectic structure π(= ω−1) with singular locus Z.
(3) Let µ be a b-top-form on (Mm, Z). Then w := µ−1 ∈ Γ(∧mTM) is a multi-
vector field of top degree onM , which intersects the zero-section of ∧mTM
transversally at Z. These structures are called generic Nambu structures of
top degree and were studied in [8]. In Corollary 2 below, we show that the
b-geometric Moser argument implies the main result from loc.cit.
We give now the b-geometric Moser lemma for non-degenerate b-forms. The
proof is the same as in the case for symplectic b-two-forms, which appeared first in
[12].
Lemma 2 ((see [12])). Let ζ ∈ ΩkZ(M) be a closed nondegenerate b-k-form on a
compact b-manifold (M,Z), where k ∈ {1, 2, dim(M)}. If ζ′ ∈ ΩkZ(M) is a closed
b-k-form, such that (1− t)ζ + tζ′ is nondegenerate for all t ∈ [0, 1], and
[ζ] = [ζ′] ∈ HkZ(M),
then there exists a b-diffeomorphism ϕ : (M,Z) ∼−→ (M,Z), such that ϕ∗(ζ′) = ζ.
As a consequence of this result, we obtain the following:
Corollary 2. Let µ, µ′ ∈ ΩtopZ (M) be nowhere vanishing b-top-forms on a compact
b-manifold (M,Z). If [µ] = [µ′] ∈ H topZ (M), then there exists a b-diffeomorphism
ϕ of (M,Z) such that ϕ∗(µ′) = µ.
Proof. Since ∧topT ∗ZM is a rank-one bundle, we can write µ
′ = fµ, for some
nowhere vanishing function f ∈ C∞(M). Let us show that f > 0. If Z = ∅,
it follows that M is orientable, therefore the claim follows by integrating µ and µ′
on M with respect to the same orientation. If Z 6= ∅, we have that ιξZµ and ιξZµ
′
are volume forms on Z in the same cohomology class, thus we can apply the same
argument as before to conclude that f |Z > 0. Hence, f > 0 everywhere. This
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implies that (1 − t)µ + tµ′ = ((1 − t) + tf)µ is nowhere vanishing for all t ∈ [0, 1]
and the result follows from the Moser Lemma. 
Using the decomposition from Corollary 1
HtopZ (M)
∼= Htop(M)⊕Htop(Z),
we see that Corollary 1 extends the classification of generic Nambu structures of top
degree from [8] to the case of non-orientable manifolds M . In the orientable case,
fixing orientations onM and on the components of Z, we have that a generic Nambu
structure w of top degree with singular locus Z is determined, up to orientation
preserving diffeomorphisms, by the regularized volume of µ := w−1 and by the
volumes of the components Zi of Z computed with the aid of ιξZω|Zi . In the
non-oriented case, it is determined entirely by the volumes of the components.
3. Poisson cohomology of log symplectic manifolds
The Poisson cohomology H•π(M) of a Poisson manifold (M,π) is computed by
the complex X•(M) := Γ(∧•TM) of multi-vector fields onM endowed with the dif-
ferential dπ := [π, ·], where [·, ·] denotes the Schouten bracket. The second Poisson
cohomology group H2π(M) has the heuristical interpretation of being the “tangent
space” at π of the moduli-space of all Poisson structures on M . In this section we
show that for log symplectic structures this interpretation is in fact accurate. By
Theorem 1, deformations of a compact log symplectic manifold (M,π) with singular
locus Z are parameterized by H2Z(M). At the cohomological level, this is expressed
as follows:
Proposition 1. Let (M,π) be a log symplectic manifold and Z its singular locus.
The Poisson cohomology of (M,π) is isomorphic to the b-cohomology of (M,Z):
H•π(M)
∼= H•Z(M).
The proof uses the space X•Z(M) of multi-vector fields on M tangent to Z,
which can also be identified with the space of b-multi-vector fields on (M,Z), i.e.
X
•
Z(M) = Γ(∧
•TZM). Note that, since Z is a Poisson submanifold, (X
•
Z(M), dπ)
is a subcomplex of (X•(M), dπ). The resulting cohomology, denoted by H
•
π,Z(M),
is called the “b-Poisson-cohomology” in [6]. In loc.cit. it is shown that the log
symplectic structure π gives an isomorphism of complexes
∧•π♯ : (Ω•Z(M), d)
∼−→ (X•Z(M), dπ),
and therefore H•Z(M)
∼= H•π,Z(M). Hence the following lemma implies Proposition
1.
Lemma 3. The inclusion X•Z(M) ⊂ X
•(M) induces an isomorphism in cohomol-
ogy; i.e. the Poisson cohomology is isomorphic to the b-Poisson cohomology:
H•π(M)
∼= H•π,Z(M).
Proof. We will construct linear maps h : X•(M)→ X•−1(M) that satisfy
(7) ζ(w) := w + dπ ◦ h(w) + h ◦ dπ(w) ∈ X
•
Z(M), for all w ∈ X
•(M).
This will imply the conclusion, since ζ induces a map in cohomology ζ : H•π(M)→
H•π,Z(M), which is the inverse of the map induced by the inclusion.
Let E → M be a tubular neighborhood of Z in M , with projection p : E → Z.
Let χ be a smooth function supported in E, such that χ = 1 in a neighborhood
of Z. Denote ω := π−1 ∈ Ω2Z(M) and consider the canonical 1-form θ ∈ Ω
1(Z)
defining the foliation on Z. Now, define the operators h by
h : X•(M) −→ X•−1(M), h(w) := ιp∗(θ) (χw) .
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It suffices to check (7) locally around Z, where we have that χ = 1. First, note
that, since p∗(θ) is closed, a Poisson version of the Cartan formula holds:
ιp∗(θ) ◦ dπ + dπ ◦ ιp∗(θ) = Lπ♯(p∗(θ)).
Thus, for (7) it suffices to check that w+Lπ♯(p∗(θ))w ∈ X
•
Z(M). Since π is tangent
to Z, ξ := π♯(p∗(θ)) is a b-vector field. Recall that θ = ω♯|Z(ξZ), where ξZ is the
canonical section of TZM |Z . Since
ω♯(ξ)|Z = p
∗(θ)|Z = θ,
and ω is invertible, we have that ξ|Z = ξZ . Now, an easy local computation shows
that every b-vector field ξ extending ξZ satisfies w + [ξ, w] ∈ X•Z(M). 
Remark Analyzing the proof of Lemma 3, we see that the quotient complex
X
•(M)/X•Z(M) is acyclic. In fact, one can show that this complex is isomorphic
to the complex computing the Poisson cohomology of the Poisson manifold (Z, πZ)
with coefficients in the normal bundle νZ of Z, endowed with the canonical repre-
sentation (see [13]). Thus, we conclude that H•πZ (Z; νZ) = 0. This is surprising,
since the cohomology with trivial coefficientsH•πZ (Z) never vanishes, and moreover,
this cohomology is infinite dimensional when the cosymplectic structure is proper,
i.e. when the foliation is given by the fibers of a submersion to S1.
4. Stability of the singular locus
In this section we begin the proof of Theorem 1. We prove that a Poisson struc-
ture C1-close to a log symplectic structure π is also log symplectic and moreover,
its singular locus is diffeomorphic to that of π.
This is related to the problem of stability of Poisson submanifolds, which studies
persistence of Poisson submanifolds under deformations of the Poisson bivector, and
was treated in the case of symplectic leaves in [3]. Heuristically, the infinitesimal
condition for stability of the Poisson submanifold N of (M,π) is that the quotient
complex X•(M)/X•N(M) is acyclic in degree two, where X
•
N (M) denotes as before
the space of multi-vector fields tangent to N . In the case of N being a compact
symplectic leaf, it is proved in [3] that the condition
H2 (X•(M)/X•N (M)) = 0
ensures the stability of N and moreover that the space of Poisson submanifolds
nearby N is parameterized by H1 (X•(M)/X•N(M)).
For a log symplectic structure (M,π), we saw in the previous section that the
complex X•(M)/X•Z(M) is acyclic in all degrees. This observation is the infinitesi-
mal counterpart of the next Lemma.
Remark on the topologies. We use the C1-topologies on Diff(M) and on Γ(∧2TM),
and the C0-topology on Γ(∧2TZM). Similarly, we endow the space Poiss(M), of all
Poisson structures onM , with the induced C1-topology, and the space Log(M,Z) ⊂
Γ(∧2TZM), of all log symplectic structures on M with singular locus Z, with the
induced C0-topology.
The reader should be warned that the C0-topology on Γ(∧2TZM) is not the
subspace C0-topology induced from Γ(∧2TM). To see this, let U be an open
neighborhood around a point in Z with coordinates (t, x) ∈ R × R2n−1 such that
Z ∩ U = {t = 0}. A bivector of the form f(t, x) ∂
∂t
∧ ∂
∂xi
is in Γ(∧2TZM) if and
only if f(t, x) = tg(t, x) for some smooth function g(t, x). Now the C0-norm on
Γ(∧2TM) computes the supremum of f(t, x), whereas the C0-norm on Γ(∧2TZM)
computes the supremum of g(t, x). This makes the following lemma more subtle
than one would expect.
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Lemma 4. Given a compact log symplectic manifold (M,π) with singular locus Z,
any C1-close Poisson structure is log symplectic and has singular locus diffeomor-
phic to Z. More precisely, there is a C1-open V ⊂ Poiss(M) around π and there is a
map
Φ : V → Diff(M) satisfying Φ(π) = idM and Φ(π′)∗(π′) ∈ Log(M,Z) for every
π′ ∈ V. Moreover, the map
Ψ : V −→ Log(M,Z), Ψ(π′) := Φ(π′)∗(π
′)
is continuous for the C1-topology on V and the C0-topology on Log(M,Z).
Proof. First we assume that M is orientable. We prove this case in two steps: first
we construct Φ and V and second we prove that Φ has the desired continuity prop-
erty.
Step 1. Construction of Φ and V.
Since M is orientable, the normal bundle to Z is trivial, and we can find a
tubular neighborhood E → M , E ∼= R × Z. Denote by t the coordinate on R.
Now, µ := 1
t
∧n π|E is a nowhere vanishing section of ∧2nTE, and for every smooth
bivector w, we have that ∧nw|E = hw(t, x)µ, for some smooth function hw on
E. Moreover, the assignment w 7→ hw|[−2,2]×Z is continuous with respect to the
C1-topologies, and hπ = t.
Consider the C1-open neighborhoodD ⊂ C∞([−2, 2]×Z) around the t consisting
of functions h such that ∂h(t, x)/∂t > 0 and |h(t, x)− t| < 1. Then, for any h ∈ D,
we have that the function
ϕh : [−2, 2]× Z −→ R× Z, (t, x) 7→ (h(t, x), x),
is a diffeomorphism onto its image and that ϕh ((−2, 2)× Z) ⊃ [−1, 1]× Z. More-
over, the assignment ϕh 7→ ϕ
−1
h |[−1,1]×Z is continuous with respect to the C
1-
topologies.
Let V ′ be the C1-open neighborhood in Γ(∧2TM) consisting of elements w that
satisfy
(∧nw)−1 (0) ⊂ (−2, 2)× Z and hw|[−2,2]×Z ∈ D.
Clearly, π ∈ V ′. Write ϕ−1hw (t, x) = (gw(t, x), x) and gw(x) := gw(0, x). We have
that
(∧nw)−1 (0) = Zw := {(gw(x), x) : x ∈ Z},
and since ∂hw/∂t 6= 0 on [−2, 2]× Z, ∧nw is transverse to the zero-section. Thus,
if π′ ∈ V ′ is Poisson, then π′ is log symplectic with singular locus Zπ′ .
We fix a smooth compactly supported function χ : R→ [0, 1], such that χ(t) = 1
for t ∈ [−2, 2] and |χ′(t)| < 1/2 for t ∈ R. Consider the following diffeomorphism:
Φ(w) :M ∼−→M, Φ(w)|M\E = idM\E , Φ(w)|E(t, x) := (t− χ(t)gw(x), x).
The conditions |χ′(t)| < 1/2 and |gw(x)| ≤ 2 imply that pr1 ◦ ∂Φ(w)/∂t > 0; and
hence Φ(w) is indeed a diffeomorphism. The fact that χ(t) = 1 on [−2, 2] implies
that Φ(w) maps Zw onto Z. Let V := V ′ ∩ Poiss(M).
Step 2. Continuity of Ψ.
Clearly, the assignment w 7→ Φ(w) is continuous for the C1-topologies, and
therefore the assignment w 7→ Φ(w)∗(w) is continuous for the C1-topology on V ′
and the C0-topology on Γ(∧2TM). For a Poisson structure π′ ∈ V ′, we have that
Φ(π′)∗(π
′) belongs to Log(M,Z). Now, here comes the more subtle point of the
proof: the fact that the C0-topology on Log(M,Z) is not the subspace topology
induced from Γ(∧2TM) does not allow us to conclude yet the proof. Also, for an
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arbitrary w ∈ V ′, Φ(w)∗(w) is not an element of Γ(∧2TZM); therefore we have to
restrict Φ to V = V ′ ∩ Poiss(M).
Consider a finite open cover of Z by coordinate charts {Ul ∼= R2n−1}l such that
the closed balls {Bl}l of radius 1 still cover Z. In one of these charts Ul with
coordinates (xi), an element σ ∈ Γ(∧2TZM) can be written as
σ =
∑
i
ali(t, x)t
∂
∂t
∧
∂
∂xi
+
∑
i,j
blij(t, x)
∂
∂xi
∧
∂
∂xj
.
The C0-norm of σ|[−2,2]×Z (as an element in Γ(∧
2TZM)) is the supremum of the
functions ali and b
l
ij on [−2, 2]×Bl. Thus to compute the C
0-norm of σ on M , one
needs to measure its C0-norm as an element in Γ(∧2TM) and the supremum norm
of the coefficients ali in a small neighborhood of Z. In our case, we know that the
map V ∋ π′ 7→ Φ(π′)∗(π′) ∈ Γ(∧2TM) is continuous for the C0-topology on the
second space, thus it suffices to check that the corresponding functions “ali” also
vary continuously.
Consider π′ ∈ V , and denote g := gπ′ . Denote the local expression of π′ on Ul
by
π′ :=
∑
i
Ali(t, x)
∂
∂t
∧
∂
∂xi
+
1
2
∑
i,j
Blij(t, x)
∂
∂xi
∧
∂
∂xj
.
The fact that π′ is tangent to Zg is written in coordinates as follows:
(8)
∑
i
Ali(g(x), x)
(
∂
∂xi
+
∂g
∂xi
(x)
∂
∂t
)
+
∑
i,j
Blij(g(x), x)
∂g
∂xi
(x)
∂
∂xj
= 0.
Now, Φ(π′)|[−2,2]×Z is of the form (t, x) 7→ (t− g(x), x), and therefore
Φ(π′)∗(π
′)|[−1,1]×Z =
1
2
∑
i,j
Blij(t+ g(x), x)
∂
∂xi
∧
∂
∂xj
+
+
∑
i
(
Ali(t+ g(x), x) −
∑
j
Blij(t+ g(x), x)
∂g
∂xj
(x)
)
∂
∂t
∧
∂
∂xi
.
Equation (8) implies that the coefficient of ∂
∂t
∧ ∂
∂xi
vanishes at t = 0 and therefore
we get that the coefficient of t ∂
∂t
∧ ∂
∂xi
is equal to
ali(t, x) :=
1
t
(
Ali(t+ g(x), x)−
∑
j
Blij(t+ g(x), x)
∂g
∂xj
(x)
)
=
=
∫ 1
0
(
∂Ali
∂t
(st+ g(x), x)−
∑
j
∂Blij
∂t
(st+ g(x), x)
∂g
∂xj
(x)
)
ds.
We see now that this explicit formula, which holds on [−1, 1]×Z, implies that these
coefficients depend continuously on π′, i.e., the map π′ 7→ (ali) is continuous with
respect to the C1-topology on V and the C0-topology on C∞([−1, 1]×Z). Indeed,
let π′′ be a Poisson structure C1-close to π′. Denote the coefficients of π′′ on Ul by
A˜li, B˜
l
ij . Similarly, for π
′′ we get a function g˜ taking values in [−2, 2] which, by the
previous argument, is C1-close to g. We have then
A˜li = A
l
i + α
l
i, B˜
l
ij = B
l
ij + β
l
ij , g˜ = g + δ,
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for some functions αli, β
l
ij , δ which are C
1-small. We need to compute the C0-norm
of a˜li − a
l
i on [−1, 1]×Bl, for which we use the formula
(a˜li−a
l
i)(t, x) =
∫ 1
0
(∫ 1
0
∂2Ali
∂t2
(
δ(x)s′ + st+ g(x), x
)
δ(x)ds′ +
∂αli
∂t
(st+ g˜(x), x)
)
ds−
−
∑
j
( ∂g
∂xj
+
∂δ
∂xj
)∫ 1
0
( ∫ 1
0
∂2Blij
∂t2
(
δ(x)s′ + st+ g(x), x
)
δ(x)ds′ +
∂βlij
∂t
(st+ g˜(x), x)
)
ds
Note that the C1-norms of αli and β
l
ij on [−3, 3]× Bl are bounded by a multiple
of ||π′′ − π′||C1 . Now, since st+ g˜(x) ∈ [−3, 3] for s, t ∈ [0, 1] and x ∈ Z, there is a
constant C > 0 such that
||a˜li − a
l
i||C0 ≤ C
(
||δ||C0 + ||π
′′ − π′||C1
)
.
This implies the desired continuity and finishes the proof in the case when M is
orientable.
Step 3. The non-orientable case.
If M is not orientable, consider the orientable double cover p : M˜ →M , and let
γ : M˜ ∼−→ M˜ be the corresponding deck transformation. Then π˜ := p∗(π) is a γ-
invariant log symplectic structure on M˜ with singular locus Z˜ := p−1(Z). Consider
a γ-invariant tubular neighborhood of E˜ → M˜ , which admits a trivialization E˜ ∼−→
R×Z˜ on which γ acts by γ(t, x) := (−t, γ(x)) (for more details on this construction,
see [10]). Let V˜ be the C1-neighborhood of π˜ constructed in the first part, and let
Φ˜ : V˜ → Diff(M˜) be the corresponding map. Let V be the set of Poisson structures
π′ such that p∗(π′) ∈ V˜ . Clearly, V is a C1-neighborhood of π. Note that the
construction of Φ˜ is such that Φ˜(p∗(π′)) is γ-equivariant: we have that γ∗(µ) = −µ,
thus hp∗(π′) ◦ γ(t, x) = −hp∗(π′)(t, x), thus also gp∗(π′) ◦ γ(x) = −gp∗(π′)(x); and
therefore, by choosing χ(t) to be an even function, we obtain that Φ˜(p∗(π′)) is γ-
equivariant. This implies that Φ˜(p∗(π′)) covers a diffeomorphism which we denote
by Φ(π′) ∈ Diff(M) and which satisfies
Φ˜(p∗(π′))∗(p
∗(π′)) = p∗ (Φ(π′)∗(π
′)) .
Since Φ˜(p∗(π′))∗(p
∗(π′)) ∈ Log(M˜, Z˜), it follows that Φ(π′)∗(π′) ∈ Log(M,Z).
Moreover, since the pull-back maps p∗ : V → V˜ and p∗ : Log(M,Z) → Log(M˜, Z˜)
are embeddings for the C1-topology and for the C0-topology, respectively, it follows
that the map π′ 7→ Φ(π′)∗(π′) is continuous. This concludes the proof. 
5. Proof of Theorem 1
In this section we prove part (b) and (c) of Theorem 1. By the result in the
previous section (Lemma 4), all small deformations can be represented by nearby
log symplectic structures which have the same singular locus. In this setup, the
b-version of the Moser argument (Lemma 2) is used to prove that log symplectic
structures are determined up to diffeomorphism by their b-cohomology. This will
conclude the proof of part (b) of Theorem 1. Finally, part (c) is proved by showing
that small diffeomorphisms do not change the b-cohomology class.
Fix (M2n, π) a compact log symplectic manifold with singular locus Z. Let
ω := π−1 ∈ Ω2Z(M) denote the inverse of π. Consider, as in the statement of
Theorem 1, ̟1, . . . , ̟l closed two-forms on M and γ1, . . . , γk closed one-forms on
Z such that their cohomology classes form a basis ofH2(M) andH1(Z) respectively.
For ǫ ∈ Rl and δ ∈ Rk, denote by ̟ǫ :=
∑l
i=1 ǫi̟i and γδ :=
∑k
i=1 δiγi. Fix a
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tubular neighborhood E of Z, with projection p : E → Z, and let λ be a distance
function for E. Denote by
ωǫ,δ := ω +̟ǫ + d log(λ) ∧ p
∗(γδ).
The Mazzeo-Melrose decomposition implies that the map Rl+k → H2Z(M), (ǫ, δ) 7→
[ωǫ,δ] is a linear isomorphism.
Next, we construct a convex neighborhood consisting of non-degenerate b-forms,
which will be used in the proof of part (b).
Lemma 5. There is a C0-open neighborhood W around ω in the space of all closed
b-two-forms Ω2Z,closed(M), such that every ω
′ ∈ W is nondegenerate, and moreover,
if (ǫ, δ) ∈ Rl+k is such that [ω′] = [ωǫ,δ], then the entire path (1 − t)ω′ + tωǫ,δ for
t ∈ [0, 1] is contained in W.
Proof. Fix a metric on TZM , and consider the following map on Ω
2
Z(M):
ω′ ∈ Ω2Z(M), ω
′ 7→ ||ω′|| := sup{|π♯ ◦ ω′♯(V )− V | : V ∈ TZM, |V | = 1}.
Clearly, ||ω|| = 0, thus the following is a C0-neighborhood of ω:
W˜ := {ω′ ∈ Ω2Z(M) : dω
′ = 0, ||ω′|| < 1} ⊂ Ω2Z,closed(M).
Note that W˜ is a convex neighborhood consisting entirely of log symplectic struc-
tures on (M,Z). Let U ⊂ Rl+k be the space consisting of pairs (ǫ, δ) such that
ωǫ,δ ∈ W˜ . Clearly, U is a convex open neighborhood of 0. Next, note that taking
the cohomology class of a closed b-form ω′ 7→ [ω′] is continuous for the C0-topology
on the space of all closed b-forms. To see this, observe that the decomposition form
Section 2
Ω•Z,closed(M)
∼−→ Ω•closed(M)⊕ Ω
•−1
closed(Z)
is C0-continuous, and that taking de Rham cohomology is also C0-continuous, be-
cause de Rham cohomology can be detected by integrating along compact subman-
ifolds, and integration is C0-continuous. This shows that the following is C0-open.
W := {ω′ ∈ W˜ : [ω′] = [ωǫ,δ] for some (ǫ, δ) ∈ U}.
Clearly, W has the required properties. 
of Theorem 1, part (b). Consider the C0-neighborhoodW from the previous lemma.
Consider also the C1-open neighborhood V ⊂ Poiss(M), the map Φ : V → Diff(M),
and the map Ψ : V → Log(M,Z), Ψ(π′) := Φ(π′)∗(π′) from Lemma 4. The in-
version map Log(M,Z)→ Ω2Z(M) is continuous for the C
0-topologies, and by the
continuity of Ψ, the following is a C1-open neighborhood around π:
U := {π′ ∈ V : Ψ(π′)−1 ∈ W} ⊂ Poiss(M).
Let π′ ∈ U . Then π′ is diffeomorphic to the log symplectic structure (ω′)−1 :=
Ψ(π′) ∈ Log(M,Z) via the map Φ(π′). Let (ǫ, δ) ∈ Rl+k be such that [ω′] = [ωǫ,δ].
Since ω′ ∈ W , the Moser argument from Lemma 2 implies that ω′ is diffeomorphic
to ωǫ,δ. 
To prove part (c), first we show the existence of path connected neighborhoods
of idM in the space of diffeomorphisms that fix Z.
Lemma 6. Let (M,Z) be a compact b-manifold. Then there exists a C1-open
neighborhood D around idM in Diff(M), such that, for every ϕ ∈ D that leaves Z
invariant, there is a smooth isotopy ϕt, for t ∈ [0, 1], with ϕ0 = idM and ϕ1 = ϕ,
consisting of diffeomorphisms that send Z to Z.
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Proof. First, recall the standard construction of a C1-neighborhood of idM in
Diff(M). Let g be a metric on M , with exponential map exp : TM →M . There is
a C1-open neighborhood A ⊂ Γ(TM) around the zero-section, such that for every
V ∈ A, the induced map
exp∗(V ) ∈ C
∞(M,M), exp∗(V )(x) := exp(Vx)
is a diffeomorphism. Moreover, exp∗ is a homeomorphism for the C
1-topologies
onto a C1-open neighborhood D ⊂ Diff(M) around idM .
Consider a metric for which Z is geodesically closed. We claim that for such a
metric, if A is small enough then the set D has the required property. Let ϕ ∈ D
be such that ϕ sends Z to Z, and write ϕ = exp∗(V ), for some V ∈ A. We consider
the isotopy ϕt := exp∗(tV ) for t ∈ [0, 1]. For x ∈ Z, the curve ϕt(x) = exp(tVx)
is a geodesic that starts and ends in Z. For small enough A, we may assume that
Vx is shorter than the injectivity radius of exp. Since Z is geodesically closed, this
implies that Vx ∈ TxZ, and so ϕt(x) ∈ Z for all t. 
of Theorem 1, part (c). Consider the open neighborhood D described in the pre-
vious lemma. Let π0, π1 ∈ Log(M,Z) be two log symplectic structures such that
there is some ϕ ∈ D for which ϕ∗(π0) = π1. Denote by ω0 := π
−1
0 and ω1 := π
−1
1 .
We claim that [ω0] = [ω1]. Since ϕ sends Z to Z, there is an isotopy ϕt with the
properties from the lemma, i.e. ϕt is a b-diffeomorphism for all t ∈ [0, 1]. Denote
the generating time-dependent b-vector field by Xt,
Xt(x) =
dϕt
dt
(
ϕ−1t (x)
)
.
We apply now the “reverse Moser trick”. Since ϕ∗1(ω1) = ω0, we have that
ω0 − ω1 =
∫ 1
0
d
dt
(ϕ∗t (ω1)) dt =
∫ 1
0
ϕ∗t (LXtω1)dt = d
∫ 1
0
ϕ∗t (ιXtω1)dt.
Hence [ω0] = [ω1] ∈ H
2
Z(M), and this proves part (c) of Theorem 1. 
6. Examples
In this section we present some simple examples to illustrate some phenomena
that appear in deforming log symplectic structures.
Example 1. Consider the unit sphere S2 embedded in R3 = {(x, y, z)}. We use
the angle θ := tan−1(y/x) ∈ S1 and z ∈ (−1, 1) as coordinates on S2 minus the
two poles. The bivector ∂θ ∧ ∂z extends to a nondegenerate Poisson structure on
S2. Consider the log symplectic structure
π := z∂θ ∧ ∂z.
The singular locus of π is the equator S1 := {z = 0} ∩ S2, and the induced 1-form
on S1 is dθ|S1 . The corresponding b-two-form is
ω :=
dz
z
∧ dθ.
The generators of the b-cohomology group H2S1(S
2) are [ω] and [dz ∧ dθ]. Under
the canonical decomposition H2S1(S
2) ∼= H2(S2) ⊕H1(S1), [ω] corresponds to the
generator of H1(S1) and [dz ∧ dθ] to the generator of H2(S2). Every Poisson
structure C1-near π is isomorphic to one of the form
πǫ,δ := (ω + ǫdz ∧ dθ + δω)
−1
=
z
1 + ǫz + δ
∂θ ∧ ∂z.
Of course, this example fits in the classification of log symplectic structures on
compact orientable surfaces from [14].
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Example 2. The log symplectic structure π = z∂θ ∧ ∂z on S2 is invariant under
the symmetry γ(x, y, z) := (−x,−y,−z). Let p : S2 → P2 := S2/{id, γ} be the
projection onto the real projective plane. Invariance of π implies that p∗(π) is a
log symplectic structure on P2 with singular locus p(S1) = S1/{id, γ} ∼= S1. Since
H2(P2) = 0, we have that the b-cohomology is concentrated in H1(p(S1)) ∼= R.
The corresponding 1-parameter family of deformations is
p∗(π0,δ) = 1/(1 + δ)p∗(π).
Example 3. In the symplectic world, the analogous statement to Theorem 1 al-
lows us to find a C0-neighborhood of the symplectic structure in which symplectic
structures are classified by H2(M). In the log symplectic case, the neighborhood in
Poiss(M) has to be C1, merely because transversality is a C1 condition. Actually,
for the proof of Lemma 4, one needs C1-closeness only in a small neighborhood
around the singular locus, while outside one can consider C0-open neighborhoods.
To illustrate this phenomenon, consider again the log symplectic structure π =
z∂θ ∧ ∂z on S2. We look at families of Poisson structures of the form
πε := hε(z)z∂θ ∧ ∂z,
for small ε > 0, where hε : R→ [−1, 1] are functions such that hε(z) = 1 for |z| ≥ ε.
Note that the C0-distance between πε and π is less than 2ε.
First, consider hε such that it vanishes on [−ǫ/2, ǫ/2]. We see that π can be
C0-approximated by Poisson structures that are not log symplectic.
Consider now hε such that it vanishes linearly at ±ε/2, and only at these points.
The resulting structures are log symplectic with singular locus the three circles
z = −ε/2, z = 0, z = ε/2. This shows that π can be C0-approximated by log
symplectic structures whose singular locus is not diffeomorphic to that of π.
Example 4. Consider S2×T 2 endowed with the product log symplectic structure
π := z∂θ ∧ ∂z + ∂θ2 ∧ ∂θ1 ,
where θ1, θ2 are the coordinates on the two-torus T
2 = S1×S1. The singular locus
of π is the three-torus S1 × T 2, where the first S1 denotes the equator in S2. The
induced cosymplectic structure on S1 × T 2 is (dθ1 ∧ dθ2, dθ). The b-two-form is
ω = d log |z| ∧ dθ + dθ1 ∧ dθ2.
The second b-cohomology H2S1×T 2(S
2 × T 2) is spanned by
[dz ∧ dθ], [dθ1 ∧ dθ2], [d log |z| ∧ dθ], [d log |z| ∧ dθ1], [d log |z| ∧ dθ2],
where the first two generators correspond to H2(S2 × T 2) and the last three to
H1(S1×T 2). By Theorem 1, we conclude that any Poisson structure C1-close to π
is diffeomorphic to a log symplectic structure on (S2×T 2, S1×T 2) with b-two-form
ω′ = ǫ1dz ∧ dθ + (1 + ǫ2)dθ1 ∧ dθ2 + d log |z| ∧ ((1 + δ1)dθ + δ2dθ1 + δ3dθ2) ,
for some ǫ1, ǫ2, δ1, δ2, δ3 ∈ R small enough. The cosymplectic structure is
((1 + ǫ2)dθ1 ∧ dθ2, (1 + δ1)dθ + δ2dθ1 + δ3dθ2) .
In particular, the foliation is a “generalized Kronecker foliation”, i.e. its pullback
to R3 via the projection R3 → S1 × T 2 is a foliation by the parallel affine planes
{(x1, x2, x3) ∈ R
3 : (1 + δ1)x1 + δ2x2 + δ3x3 = C}C∈R.
This is quite remarkable, since the foliation ker(dθ) can be C∞-approximated by
foliations which behave very differently, e.g. the family of foliations Fǫ given by the
kernel of dθ + ǫχ(θ)dθ1, where χ is a function such that χ(θ) = θ for small |θ|.
DEFORMATIONS OF LOG SYMPLECTIC STRUCTURES 15
Appendix
of lemma 1. Recall from [8] the definition of the regularized volume: namely, let ω
be a top b-form on a compact oriented b-manifold (N,W ). Its regularized volume
is defined by the limit:
VolN(ω) := lim
ǫ→0
∫
λ≥ǫ
ω,
where λ : N\W → (0,∞) is a distance function. This limit exists for any λ, and
does not dependent on the choice of λ.
First we show that the map σ : Ωk−1(Z)→ ΩkZ(M) maps closed forms to forms
that satisfy the condition from the lemma. For this, consider a b-map i : (N,W )→
(M,Z) from a compact oriented manifold N of dimension k, and consider a closed
k − 1-form µ on Z. Since i is a b-map, note that λ ◦ i is a distance function for
(N,W ); thus the volume can be computed by:
VolN (i
∗(σ(µ))) := lim
ǫ→0
∫
Nǫ
i∗
(
d
(
log(λ)p∗(µ)
))
= lim
ǫ→0
∫
Nǫ
d
(
log(λ ◦ i)(p ◦ i)∗(µ)
)
,
where Nǫ := {x ∈ N : λ(i(x)) ≥ ǫ}. For ǫ small enough, we will prove that:
(9)
∫
Nǫ
d
(
log(λ ◦ i)(p ◦ i)∗(µ)
)
= 0.
For small enough ǫ, Nǫ is a manifold with boundary Wǫ := {x ∈ N : λ(i(x)) = ǫ},
and by Stokes’ theorem, the integral in (9) equals log(ǫ)
∫
Wǫ
(p ◦ i)∗(µ). Note that
Wǫ, with the opposite orientation, is also the boundary of the manifold Eǫ := {x ∈
N : λ(i(x)) ≤ ǫ}. Therefore, again using Stokes’ theorem we obtain∫
Wǫ
(p ◦ i)∗(µ) = −
∫
Eǫ
d(p ◦ i)∗(µ) = −
∫
Eǫ
(p ◦ i)∗(dµ) = 0,
which proves that (9) holds.
Next, we claim that for any b-map i : (N,W ) → (M,Z) from a k-dimensional,
compact oriented b-manifold (N,W ), and any exact k-b-form dη, we have that
VolN (i
∗(dη)) = 0. Write η = α+ σ(β), for α ∈ Ωk−1(M) and β ∈ Ωk−2(Z). Then
VolN (i
∗(ω)) = VolN (di
∗(α)) + VolN (σ(dβ)).
The first term vanishes, since it is the integral of an exact de-Rham form, and the
second vanishes by the above. Thus, we conclude that the b-map i : (N,W ) →
(M,Z) induces a map
VolN : H
k
Z(M) −→ R,
which vanishes on σ(Hk−1(Z)).
Let CkZ(M) ⊂ H
k
Z(M) be the space of b-cohomology classes [ω] ∈ H
k
Z(M)
satisfying VolN (i
∗(ω)) = 0 for all b-maps i : (N,W ) → (M,Z) where (N,W )
is a compact oriented k-dimensional b-manifold. By the above, we have that
σ(Hk−1(Z)) ⊂ CkZ(M). Now, Hk(M,R) is generated by smooth oriented sub-
manifolds i : N →M , which can be assumed to be transverse to Z, hence yielding
b-maps i : (N, i−1(Z))→ (M,Z). This implies that CkZ(M)∩H
k(M) = {0}. Thus,
using the decomposition (6), this shows that CkZ(M) = σ(H
k−1(Z)). 
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